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Summary

We present anew approach to the simultaneous pre-stack inversion of PP and, optionally, PSangle gathersfor
the estimation of P-impedance, S-impedance and density. Our algorithm isbased on three assumptions. Thefirst isthat
the linearized approximation for reflectivity holds. The second isthat PP and PSreflectivity asafunction of angle can
be given by the Aki-Richards equations (Aki and Richards, 2002). Thethird isthat thereisalinear relationship between
the logarithm of P-impedance and both S-impedance and density. Given these three assumptions, we show how afinal
estimate of P-impedance, S-impedance and density can be found by perturbing an initial P-impedance model. After a
description of the algorithm, we then apply our method to both model and real data sets.

I ntroduction

The goal of pre-stack seismicinversionisto obtain
reliable estimates of P-wave velocity (V,), S-wave velocity
(Vy), and density (p ) from which to predict the fluid and
lithology properties of the subsurface of the earth. This
problem has been discussed by several authors. Simmons
and Backus (1996) invert for linearized P-reflectivity (R)), S-
reflectivity (Ry and density reflectivity (R,), where
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Simmons and Backus (1996) also make three other
assumptions: that the reflectivity terms given in equations
(2) through (3) can be estimated from the angle dependent
reflectivity R,_(8) by the Aki-Richards linearized
approximation (Aki and Richards, 2002, Richardsand Frasier,
1976), that p and V,, are related by Gardner’s relationship
(Gardner et a. 1974), given by
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and that V, and V, are related by Castagna's equation
(Castagnaet a., 1985), given by
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The authors then use a linearized inversion
approach to solvefor thereflectivity termsgiven in equations
(2) through (3).

Buland and Omre (2003) useasimilar approach which
they call Bayesian linearized AVO inversion. Unlike Simmons

and Backus (1996), their method is parameterized by thethree
termsAV, /V,, AV, IV, and Ap/ p, again using the Aki-
Richards approximation. The authors also use the small
reflectivity approximation to relate these parameter changes

to the original parameter itself. That is, for changesin P-
wave velocity they write
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whereIn representsthe natural logarithm. Similar termsare
givenfor changesin both S-wave velocity and density. This
|ogarithmic approximation allows Buland and Omre (2003) to
invert for velocity and density, rather than reflectivity, asin
the case of Si mmons and Backus (1996). Unlike Simmons

RS ) ZB land and Omre (2003) do not
2 onﬁ‘ﬂ*p b& Pand S-wave velocity, and
P-wave velocity and density.

In the present study, we extend the work of both
Simmons and Backus (2003) and Buland and Omre (1996),
and build anew approach that allows usto invert directly for
P-impedance (Z.=pV,), S-impedance (Z=pV,), and density
through asmall reflectivity approximation similar to that of
Buland and Omre (2003), and using constraints similar to
those used by Simmons and Backus (1996). It is also our
goal to extend an earlier post-stack impedance inversion
method (Russell and Hampson, 1991) so that this method
can be seen as a generalization to pre-stack inversion.

Post-stack | nversion For P-impedance

We will first review the principles of model-based
post-stack inversion (Russell and Hampson, 1991). First, by
combining equations (1) and (6), we can show that the small
reflectivity approximation for the P-wavereflectivity isgiven

by
, @

wherei representsthe interface between layersi and i+1. If
we consider an N sample reflectivity, equation (7) can be
writtenin matrix formas
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whereL, = In(Z,). Next, if werepresent the seismic

trace asthe convolution of the seismic wavelet with theearth’s
reflectivity, we can writetheresult inmatrix form as
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where T representsthei™ sampleof the seismictrace
and w representsthej term of an extracted seismic wavelet.
Combining equations (8) and (9) givesusthe forward model
which relates the seismic trace to the logarithm of P-
impedance:

T =(1/2WDL,, (10)

where Wisthe wavelet matrix givenin egquation (9)
and D is the derivative matrix given in equation (8).
equation (10) isinverted using a standard matrix inversion
techniqueto give an estmate of L, from aknowledge of T and
W, there aretwo problems. First, the matrix inversionisboth
costly and potentially unstable. More importantly, a matrix
inversion will not recover the low frequency component of
the impedance. An alternate strategy, and the one adopted
in our implementation of equation (10), isto build an initial
guess impedance model and then iterate towards a solution
using the conjugate gradient method.

Post-stack | nversion For P-impedance

We can now extend the theory to the pre-stack
inversion case. The Aki-Richards equation wasre-expressed
by Fatti et al. (1994) as

Rep(6) = CRs - CRs - (11)

GRy

where ., ¢, =-8)tan’8, y=Vs/V,, and

, and the three reflectivity terms
are as given by equations (1) through (3).

For agiven angletrace T(6) we can therefore extend
the zero offset (or angle) trace given in eguation (10) by
combining it with equation (11) to get
T(8) = (1/2)cW(8)DL, + (1/2)c,W(8)DLg +W(8)c,DL, (12)

where L, = In(Z) and L, = In(p). Note that the
wavelet is now dependent on angle. Equation (12) could be
used for inversion, except that it ignoresthefact that thereis
arelationship between L, and L, and between L and L.

Because we are dealing with impedance rather than
velocity, and have taken logarithms, our relationships are
different than those given by Simmons and Backus (1996)
and are given by

In(Zg) =kIn(Z,)- k.- ALg, (13
and
In(Zy,) =miIn(Z,)- m.- AL, . (14

That is, we are looking for deviations away from a
linear fit inlogarithmic space. Thisisillustratedin Figure 1.
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Equation (15) can beimplemented in matrix form as

(16)
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Fig. 1: Crossplots of (@) In(Z,) vsIn(Z,) and (b) In(Zy) vs In(Z,) where, in both cases, a best straight line fit has been
added. The deviations away from this straight line, AL and AL, are the desired fluid anomalies.
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If equation (16) is solved by matrix inversion methods, we
again run into the problem that the low frequency content
cannot be resolved. A practical approach istoinitialize the

solutionto [L, ALy AL,]" =[In(z,,) 0 0, whereZ, is

the initial impedance model, and then to iterate towards a
solution using the conjugate gradient method.

In the last section, we will show how to extend the
theory in equations (15) and (16) by including PS angle
gathers as well as PP angle gathers.

Model And Real Data Examples

Wewill now apply this method to both amodel and
real dataexample. Figure2(a) showsthewell log curvesfor a
gassand ontheleft (in blue), with theinitial guesscurves(in
red) set to be extremely smooth so as not to biasthe solution.
On theright are the model, the input computed gather from
thefull well log curves, and the error, whichisalmost identical
totheinput. Figure 2(b) then showsthe same displays after
20 iterations through the conjugate gradient inversion
process. Notethat the final estimates of the well log curves
match theinitial curvesquitewell for the P-impedance, Z,, S-
impedance, Z,, and the Poisson’s ratio (d. The density (o)
shows some “overshoot” above the gas sand (at 3450 ms),
but agrees with the correct result within the gas sand. The
results on the right of Figure 2(b) show that the error is now
very small.

Next, we will use Biot-Gassmann substitution to
create the equivalent wet model for the sand shownin Figure
2, and again perform inversion.

Figure 3(a) shows the well log curves for the wet
sand on the left, with the smooth initial guess curves
superimposed in red. On the right are the model from the
initial guess, the input modeled gather from the full well log
curves, and the error. Figure 3(b) then shows the same
displays after 20 iterations through the conjugate gradient
inversion process. Asin the gas case, the final estimates of
the well log curves match the initial curves quite well,
especialy for the P-impedance, Z,, S-impedance, Z,, and the
Poisson’sratio (g). The density (p) shows a much better fit
at the wet sand (which is at 3450 ms) than it did at the gas
sand in Figure 2.

Wewill next look at areal dataexample, consisting
of ashallow Cretaceous gas sand from central Alberta. Figure
4 shows the computed V_/V, ratio from this dataset, where
the anomalous gas sand is encircled by the black ellipse.
Notice the drop in V,_/V, associated with the gas sand.

Figure 5 then showsacomparison between theinput
gathersover the sand (whereaclear AVO Class3anomaly is
evident), and the computed synthetic gathers using the
inverted results.

Extension To Converted Wave Data

We will now discuss how the formulation just
derived can be extended to include pre-stack converted-wave

@ inef)s (P, that jlave been converted to PP time.

* Togothis, wewill usethelinirizedform of theequation was
developed by Aki, Richards, and Frasier (Aki and Richards,
2002, Richards and Frasier, 1976). It has been shown by

Margrave et al. (2001) that this
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Fig. 2. The results of inverting a gas sand model, where (a) shows the initial model before inversion, and

(b) shows the results after inversion.

c =- tza;q [1+ 2sin® p— 2ycos€cosg4
, Y=V IV,
and The

reflectivity terms R and R, given
in equation (17) are identical to
the terms those given in
equations (2) and (3). Using the
small reflectivity approximation,
we can re-write equation (17) as:

Tes(6,9) =CW(g)DLs - c\W(¢)DLy,
(19)
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Fig. 3. The results of inverting a wet sand model, where (a) shows the initial model before inversion, and
(b) shows the results after inversion.
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Fig. 4. The inverted V JV ratio for a shallow gas sand from Alberta, where the elliptical region
indicates the anomalous region.
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Fig. 5. The CDP gathers over the gas sand anomaly from Fig.4, where (a) shows the input gathers
and (b) shows the synthetic gathers after inversion.
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Using the relationships between S-impedance,
density and P-impedance given in equations (13) and (14),
equation (18) can be further re-written as

19
where

Notethat equation (19) allowsusto expressasingle
PS angle stack as a function of the same three parameters
given in equation (15). Also, equation (19) is given at a
singleangle @ When we generalizethisequationto M angle
stacks, we can combine this relationship with equation (16)
and write the general matrix equation as
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Equation (20) gives us ageneral expression for the
simultaneousinversion of N PP angle stacksand M PSangle
stacks. Note that we extract a different wavelet for each of
the PS angle stacks, as was done for each of the PP angle
stacks.

Conclusions

We have presented a new approach to the
simultaneousinversion of pre-stack selsmic datawhich produces
estimates of P-impedance, SImpedance and density. The
method is based on three assumptions: that the linearized
gpproximationfor reflectivity holds, that reflectivity asafunction

of angle can be given by the Aki-Richards equations, and that
thereisalinear relationship between thel ogarithm of P-impedance
and both Simpedance and density. Our approach was shown
towork well for modelled gas and wet sandsand also for areal
seismic examplewhich consisted of ashallow Creataceous gas
sand from Alberta. Finally, we showed how our method could
be extended to include PSconverted-wave pre-stack datawhich
had been cdibrated to PP time.
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