TUTORIAL

In this session, we invite authors to submit articles which illustrate important concepts relevant to exploration geophysics.
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When the seismic wavel et is not known, the seismic dataare deconvol ved using one-sided deconvol ution which
is based on an assumption that the seismic wavelet is of minimum phase. What harm may come to deconvolution if the
data are acquired with a non-minimum phase wavelet or rendered non-minimum phase during pre processing as, for
instance, using a zero-phase band pass filter? We answer this question in this tutorial and illustrate the requirement for
the input data to be of minimum phase for effective deconvolution using anumerical and field example.

Let us first review different definitions of a minimum
phase time series, also called a minimum-delay time
series. As applied to seismic data, it could be a time
series of aseismic trace, a source wavelet, or aresponse
of alinear filter. A reader already knowledgeable about
these definitions may like to proceed directly to
examples.
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be adiscrete time series obtained by sampling afunction x(t)
at atimesampling interval At. For smplicity, weshall restrict
discussionto only real functionsx(t). Wedefine aZ- transform
of x as

t

X@= Y xZ @
where _
Z=exp(iw ), i=v-1 ©)

Asanexample, if wehaveatime seriesw,,
W,={ 0eevnnnn a1,b00................. } e
t=0

its Z-transform is given by

W(Z)=alZ +1+bZ )
Z is called as a unit-delay operator since multiplying the
expression (2) by Z generates another time series which is
delayed by one sample with respect to (1). For instance,
multiplying (5) by Z, gives

ZW(Z)=a+Z+bZz? ©)

which defines atime-shifted seriesw , , as,

W, = {0, ,,0,8,1,0,0,...cccee... } @

|

t=0

Notethat thediscrete Fourier transform, X (w), of thetime series
(2), isobtained simply by substituting (3) into (2).

[ee)

X(w)= Y x, exp(i wk At) )
-00

for -Ny < w< Ny,

where Ny = 11 / At

isthe Nyquist frequency (angular).

In this sense, the definition (2) for Z-transform X(Z) hasa
useful characteristic that one can compute / examine the
discrete F.T. of x in frequency domain by substituting the
complex value of Z asin (8) and also view the underlying
time series x, asthe coefficients of different powers of Z.
Z-transform has some other useful features:

Convolution in the time domain corresponds to
multiplication inthezdomain, that is, if X(z), W(z), and R(z)
are the Z-transforms of the sequences x,, w, and r,,
respectively, then the convolution in time domain,

X =W, * T, ©
becomesamultiplicationin the Z-domain,

X(2)=W(2)R(2) (10
A sequence for which

x,=0fort<0

iscalled acasual sequence. Ancther term for such asequence
isa"realizable" sequence. The word realizable comes from
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the fact that for any real time system (as different from a
system designed numerically on a computer), the response
of the system cannot come before the input; that is, the
impulse response has to vanish for t<0. Conversely, one
cannot designinreal lifeasystemfor whichx #0for t<0, i.e.
you cannot change the past (Philosophical, isn't it?). An
example of anon-realizablefilter isthe zero-phase band pass
filter. If itisof finitelength, then one can makeit "realizable",
by delaying the response by half thelength of thefilter which
introduces a similar delay in the output.

Further, if
Y [ [P <o (1)

i.e.,, ifacausal sequencex_ hasafinite"energy”, the sequence
is called a realizable stable sequence.

Consider arealizable sequence of afinite length,

PR P O X (12)

with aZ-transform,

X(@Z) = XFXZ+XZ2+. i, X ZN
=X (ZZ2)(Z2Z). oo (Z-z) (13
wherez,, z,, ............ z, aretherootsof the polynomial X(2).

From the property (10), the multiple products (13) in Z-domain
represent a cascaded convolution in time domain. That is,
the sequence x, can be written as

X, =X, (-2, D* (-2, D* oo *(-z» 1) (19

A couplet (c,, ¢,) issaid to be minimum-delay if (c, 20 ¢ [,
i.e., if the energy is loaded in the front. A couplet (c,, c)) is
said to be maximum-delay if [ c 200 ¢ [ In case c,=c,, the
couplet can be regarded as either minimum-delay or as a
maximum-delay.

Definition of aMinimum Phase Sequence:

A sequence X, is called a Minimum Phase sequence or
minimum-delay sequenceif all the zeroes of polynomial X(2)
lie outside the unit circle in the complex z-plane.

ie

[z, 31, for i=1,2,......... N.

Conversely, if al theroots z in (14) lieinside the unit circle,
the sequence is called amaximum- delay sequence. If some
rootsare outside the unit circle and someinside, the sequence
iscalled amixed-phase sequence. Animportant significance
of the minimum phase property of a sequence x isthat such
a sequence has a one-sided inverse of finite energy. Thisis
simpleto see asfollows.

Theinverseof afinitediscrete sequence{X,, X, ............ X}
is defined by the equation

X[ * (X-l)[ = 6'[’ 0 (15)
where,
(X-l)t :{ ey 1X_1-ly Xo-l, Xl-l, X2-1 ........... }

|

t=0
is, ingeneral, atwo-sided time series, and

t,0
isaspikeattimet=0

In Z-domain, equation (15) becomes,

X(@2)XY2)=1 (16)

O,

XHZ)=1/X(2) = L 17)
X(ZZ) i, (Z-z)

If al theroots of X(Z) are outside the unit circle,

i.eif 0z O>1,fori=1, N,

then

X(Z2)#0for(Z & 1.

i.e. X1(Z2)isandyticfor [(Z[2 1.Itisthisanalyticity property

of XY(Z) which guarantees us that it can be expanded in a
convergent power series around Z=0:

(o0}
XHZ)=y (xY), Z¢ for[Z2 1, (18
k=0
with the property that
YOx), [F< o (19

This proves the existence of a one-sided sequence (x™)  of
finite energy, which when convolved with x_would give a
spike. Thisexistencecriterionisnot just of academic interest;
we shall shortly see the relevance of this property of a
minimum phase sequence for seismic deconvolution.

Let us note afew more important definitions and properties
associated with minimum phase sequences.

For the sequence x, asin (1), let us define a time reversed
sequence

X, = { XXX X e } (20)
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For real valued x, , the Z-transform of (20) isgiven by,

X*(2) = XUz ()

whichis just acomplex conjugate function of X(2).

Autocorrelation of x, defined by
o0
Al)= 3 X, X, (22)
- 00
can also be expressed as convolution of x, with "x,  (23)

At)=x * X,
In Z-domain, therefore, we have
A@@ =X(2X*(2)=X@2)X (12) (24

Now, if X(Z) isapolynomial of minimum phase, thenitsroots
Z,Zy . z,, defined in (13) al lie outside the unit circle.

Accordingly, X(1/Z) which is a power series in (1/Z)
representing an anti-casual sequence is given by

X(U2) =X, (VZ-2,)(VZ-2)...(UZ-2) 25)
=(X,/Z")(1-2,2)(1-2,2).......(1-2,2)  (26)

Notethat all the roots of X(1/Z) areinside the unit circle, i.e.
it represents a non-realizable (anti-causal ) maximum-delay
wavelet. Multiplying X(1/Z) by ZN rendersthe wavelet causal,
but it still remains of maximum phase.

We thus see that a power spectrum A(Z) of any times series
X(2) can befactorized as

A@) = XD X,y l2) @
where X, (Z) isthe minimum-phase factor of A(Z) withall
roots of A(Z) outside the unit circle and X, (Z) is the
maximum phase component with remaining roots of A(Z)
lyinginsidethe unit circle. Thus, given the auto-correlations
{aga, . a,,a, ,a, },to construct the minimum
phase wavel et associated with it, we first construct the Z-
transform of the spectrum:
+N
A=y az (28)
-N

We then make it causal by multiplying it by ZV, which gives
a polynomial of order (2N + 1) and obtain all the (2N + 1)
complex roots. We then retain only those roots which lie
outsidethe unit circleand construct the resulting polynomial .
That gives us the minimum phase equivalent wavelet. We
shall illustrate thistechnique by anumerical examplelater.

In frequency domain, the discrete F.T. (8) of x , can be
written as

X () = LX(0) Cexp{iP(w)} (29
where,
(X (w) O OP(w) (12

P(w) is the power spectrum which is also the Fourier
Transform of the Auto-correlation A(t) defined in (23)..
Although we shall not prove it here, we state that if x , is of
minimum phase, then log (X (w) and phase @ (w) form a
Hilbert Transform pair. i.e,

() = (1 1wy * Log [X ()0 (30

where * indicates convol ution.

Thus, given the power-spectrum P(w) we can construct the
minimum phase @ (w). Notethat the property of minimumphase
isnot just a property of the phasefunction @(cw), but a property
associated with a pair of functions - the power spectrum and
the phasefunction. Inother words, itisa property of theentire
time series, inwhich the phase and theamplitude areintimately
coupled and derivable from each other. As a consequence, if
weadter only the amplitude spectrum of aminimum phasetime
serieswithout affecting its phase spectrum, say, for example, by
applying a band-pass zero phase filter, then the resulting time
seriesisnolonger of minimum phase. This, aswe shall see, has
tremendous significance for seismic deconvolution.

Relevance of minimum phase property for seismic
deconvolution:

In seismic context, we have atrace x, modeled as

— *
X, AL

wherer, isthe earth's reflecting series and w, is the effective
seismic wavelet (i.e. source wavelet convolved with the
multiple response). When the wavelet w, is known, one can
always design atwo sided filter f, such that

W, T, 1=35 31

t

When the filter is of afinite length, equation (31) hasto be
solved in aleast square sense,

i.e, weneedtofindf, (k=-N,.......... N) whichwould minimize
theerror,

Z[61,0 -2 kat»k] 2

with the standard Wiener filter solution:

. N ()

8 & & v W

a4 & L Wy
a, f, = | w, (32
a,, f, 0

\ Zons a, Y, QN Y,
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Here, a are the auto-correlations of the wavelet and, when
reflectivity is white, can be equated, for practical purpose,
with the auto-correl ations of seismic tracex, .

The problem comeswhen thewavelet w, isnot known. In that
caseone searchesfor aone-sidedfilter { f ,f,,........... }ie
f =0, for k<0, suchthat

w5 {00, ff. f} = &

1o pr

(33

How do weknow that such arealizable stable sequence exists
inthefirst place? 1t isherethat weinvoke the minimum phase
assumption regarding the seismic wavelet. From the
deliberations|eading to equation(19), we know that if w, is of
minimum phasei.e. if al roots of W(Z) lieoutside unit circle,
thenthereexistsf, =w,* such that equation (33) is satisfied
with Y if 1?<oco.

Inthat case, wecan set f, = 0for k<0in (32) and we get,

% & & fy Wo
& & fy = 0
(349
% fiy 0

We now ask the question raised in the introduction. What
happensif the seismic wavelet is not of minimum phase, but
not knowing so, we blindly solve (34) and apply the filter to
theinput data? L et us see this with a specific example.

Consider a zero-phase wavel et

W, (2) = cl/lz+1+cZz (39
To see, that it isindeed azero phase wavelet, we only haveto
show that

WZF(Z) = {W;p (_Z)} * where* repraentg co_mpl ex-conj ugate.
Intimedomain, it represents asymmetric time series.

W, = {00,.......... c,1cO0,.......... } (36)
t=0

The auto-correlations of w,, are

a=1+2c

a=a =2c (37

3,=a,=C

anda =a_=0forn>2

InZ-domain,

AZ) = W,(2) W, (12)

(c/Z+1+cZ)? (38)

One can verify that expansion of (38) as ;ak z

leadsto coefficients a,, a,, a, precisely Iz;s:i r-1°(°37).

The expression (38) can aso be rewritten as

A@Z) = (c?1Z2?)(Z-Z_ ) (Z-Z,) (39
where the two roots are given by

Z,=-(U2c)[1+ sort(1- 4c?)] (40

For simplicity, consider the case 4¢? <l.i.e. c<1/2, so that
both therootsZ, & Z_ arerea with

Z_>1,andZ, <1 (41)
Now, we can identify the minimum phase equivalent of the
zero-phase wavel et (35) asgiven by thefactorsof A(Z) which
have roots
Wyn(2) ~ (Z2-Z )? 42)
For proper normalization, wedefine

Wyn(D)=(-c/Z ){(2-Z2_)*} 43)

so that we can express the spectrum (39) precisely as

A(Z) = Wy, (D) W, (D) 44

where

Wyux(@)=-(c2 _12?)(Z2-Z))*? (45)
= WMIN (l/Z)

Usingtheproperty Z _ Z =1, onecan verify that the spectrum
of W . (Z) definedin (43) isthesameasA(Z) definedin (39)

MIN

or (44).

Intime domain, we have

= {0y 0, -cz,2c-cl/z,0,....} (46)
Jo

If wetakec=+V 2/3,Z_=-v2, and theminimum phaseequivalent

wavelet becomes

W = {00 0,0.6666,0.9428,0.3333,0,0....}  (47)

t=0

Theautocorrelationsof thew . and W, as givenby (37) are

a,= 14444,a=09428 a,=0.2222 (48
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We now design a one-sided inverse filter of expression of
(47). Theexactinverseisgivenby YW, (Z), whichhasan
infinite number of terms when expanded in powers of Z.
However, |et us be content with a 3-terms approximation of
theinversefilter which isobtained by substituting the values
of g, a,...... andw, into (34)

ie
14444 09428 0222 f 0.6666
09428 14444 09428 f, | = 0 (49
02222 09428 14444 f, 0
with the solution
f. = (103739,-0.99819,0.49192) (50)

When the inverse filter is convolved with (47), we get a
deconvolved wavelet, say, d

d. ={0....069159,0.31258,-0.26735,013105,016397,0.}  (51)
0

The least square error of deconvolution is given by

LSE=5,{8,,- (W, * )} 2 (52

which computesto 0.308364.

Theminimum phase wavel et (47) and the deconvolved output
(51) aredisplayed infigure 1 (a) and (b), respectively.

9428
.666

3333

-2 -1 0 1 2 3 4 Time

Fig.1(a). A minimum phase wavelet corresponding to equations (43)
and (47).

.6916
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JA310 1639

-2 -1 0 1 | 3 4
-.2674

Time

Fig. 1(b).Result of applying a 3-point spiking deconvolution on the
input Fig 1(a) with Least Square Error=.308364

If now, unmindful of the fact that a non-minimum phase
wavelet does not have a one-sided inverse, we try to find
such an inverse filter for the zero-phase wavel et

W ={0,0,..corrrecce 0.4714,1,04714,0, ............ } (53)

zpht :{
t=0

the filter would again be the solution of the same equation

(44) with theentry in thetop row onthe R.H.S corresponding

tow, in (34) being replaced by 1.0. The corresponding filter is
given by

{000 v, 1.5561,-1.4973,0.7379} 4

I—

t=0

which when convolved with (53) gives

d_ ={00,

zpht

0.7335,0.5302, - 0.4159, .0320, .3478,0}  (55)
o
with aleast square error, LSE =1.0537

The Zero-phase wavelet (53) and the result (55) of applying
one-sided inversefilter (54) are shown infigure 2(a) and (b),
respectively. The comparison of figures 1 & 2 shows the
deleterious effect of applying one-sided deconvolution on
non-minimum phase input.

1.0

4714 4714

4 Time

Fig. 2(a). A zero-phase wavelet corresponding to equations (35) and
(53). By design, this wavelet and the minimum phase wave-
let in Fig 1(a) have the same spectrum given by equations
(44) and (48).

7335

5302 3478

.032 ‘

1 2 3 4  Time

-.4159

Fig. 2(b). Result of applying a 3-point spiking deconvolution on the
input Fig 2(a), with Least Square Error=1.0537.
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Effect of Zero-phaseFiltering:

We get similar undesirable effect when a zero-phasefilter is
applied prior to spiking deconvolution on data which are
minimum phase. Infigure 3(a) we have shown an input with a
spike at 200ms. A small random noise of 0.01% is added.
Figure 3(b) shows the result of applying a zero-phase band-
pass (b.p.) filter, (filter parameters are not very relevant for
the discussion). The good thing about zero-phase filter is
that since the phase is not changed, the location of the peak
remains at zero time. The bad thing, in fact, totally
unacceptable thing about zero-phase filtering is the result
shown in figure 3(c) obtained by convolving this filtered
wavelet with a one-sided spiking deconvolution filter.

The same exercise carried out with minimum-phase b.p. filter
applied on a spike input is shown in figure 4(b). Clearly, the
filtered output has a much lower resolution and a longer

010

Fig. 3. An input with a spike (extreme right) at 200ms with random
noise of 0.01% (b) The result (middle) of applying a zero-
phase band-pass filter (c) Result of applying a one-sided spik-
ing deconvolution to the filtered wavelet in (b).Compare the
results with those in Fig. 4

length than in the output figure 3(b) with zero-phase band-
pass filter. And this is the attraction of zero phase filtering.
However, thefinal deconvolved resultinfigure4(c) isaspike,
as desired, much superior to the result in Fig 3 (c). This
illustrates unsuitability of non-minimum phase input - in
this case, resulting from a zero phase band pass filter - for
one-sided deconvolution of data.

Fig. 4. Aninput with a spike at 200ms with a random noise of 0.01%.
(b) The result of applying a minimum-phase band-pass filter.
(c) Result of applying a one-sided spiking deconvolution to
the filtered wavelet in (b).Compare the results with those in
Fig. 3.

Finally, let us see the effect of making the same mistake of
applying azero-phasefilter on areal dataset. For illustration
we have used dataacquired with an array of 64 air-guns. The
arrays are designed to obtain high primary-to-bubble ratio
which attenuates the bubble effect at least in the vertical
direction ensuring that the effective source signature would
be close to minimum phase. (That is, if the source signature
is decomposed into the polynomials W, with all zeroes
outside the unit circle and W, ,, with all zeroes inside the
unit circle, most of the total energy of the source would be
contained in W, ).

Figure (5) shows the effect of zero-phase filtering the data
withfilter parameters:

LC =4 Hz, Slope
HC =60 Hz, Slope

= 12 db/octave
=72 db/octave.
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Fig. 5. The effect of zero-phase filtering a sample marine record
with filter parameters (4 Hz, 12 db/oct, 60 Hz, 72 db/oct).
The filtered output is shown in blue, while the input is shown
in yellow. Black indicates the overlap between the input and
the filtered output. Apart from the side-lobes associated with
zero-phase b. p. filters, the positions of the peaks and troughs
of the input are not altered.

Thefiltered output isshown in blue, whiletheinput isshown
inyellow. Black indicates the overlap between the input and
thefiltered output. Asisevident form thisfigure, apart from
the side-lobes associated with zero-phase b. p. filters, the
positions of the peaks and troughs of theinput are not altered.
Thisis the nice aspect of zero-phase filtersand it is for this
reason that many processors like to use zero-phase filters.
Figure (6), showsthe effect of applying minimum phaseb. p.
filter with the same filter parameters as before. The input
data, thistime, is shown in blue, while the filtered output is
showninyellow. Again theblack portion indicatesthe overlap
between the input and the filtered output. As can be seen,
the filtered output (yellow) is delayed with respect to the
input (by about 8-10 msecs), and appears to have lesser
resolution than the input.
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Fig. 6. The effect of applying minimum phase b.p. filter with the
same filter parameters as for Fig. 5. The input data, this time,
is shown in blue, while the filtered output is shown in yellow.
The black portion indicates the overlap between the input
and the filtered output. Observe that the minimum phase
filtered output (yellow) is delayed with respect to the input
(by about 8-10 msecs), and appears to have lesser resolution
than the input. However, also see the Figure 8 to see the post-
decon data.

Figure (7) showsthe comparison between the minimum phase
filtered output (in blue) and the zero-phasefiltered output (in
yellow). Note the time-shift of the former. So far so good!

R R S

!
L "’ ":p‘»_ :L’::
it xi_ i:-:» ii' %

Fig. 7. Comparison between the minimum phase filtered output (in
blue) and the zero-phase filtered output (in yellow). Note the
time-shift of the former.

It would appear from the forgoing that one should use only
zero-phase b. p. filter in preference to minimum phase b. p.
filter as the former does not change the phase of the input.
But wait! Let uscomparetheresult of spiking deconvolutions
applied on minimum-phase b. p. filters which is shown in
figure 8(a), with the spike-decon result shown in figure 8(b)
on the zero-phase b. p. filtered input. For comparision, the

raw datawhich wereinput to the exercisesinfigure 8 (a) and
(b) areshowninfigure 8(c). Aswasthe case with thenumerical
and synthetic examples shown earlier, the spiking
deconvolution hasresulted in ahigher resolution for minimum
phase b. p. filtered input than for the zero-phase b.p. filtered
input. The stand-out of eventsisalso better for the minimum-
phase case than for the zero-phase case. The spectra of the
input record, deconvolved datawith zero and minimum phase
b.p. filtersapplied prior to deconvolution input are displayed
in figure 9(a) 9(b) and 9(c), respectively. The bandwidth is
higher for (c) the minimum phase pre-decon filter thanin (b)
the zero-phase pre-decon filter.

MinPhFilt+Dcon
2042 :

ZrPhFlt+Dcon
: 2842
168178189 196 208218 228 238 1581781881

:“: | i iuli | ""'

o

o
i
ot
!
120 Jﬁiﬁ
e
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I

Fig. 8. (a) Result of applying minimum phase filter followed by a
spiking filter. (b) Result of applying zero-phase filter fol-
lowed by a spiking filter. (c) The raw data used for input for
the processes in figures (a) & (b). Observe the higher resolu-
tion (and better stand-out) of events for the minimum phase
pre-decon filter (a) as compared to that for the zero-phase
case (b).

The reason for superior performance of deconvolution on
minimum phase b.p. filter compared to that in zero-phase b.p.
filter should be obvious by now. The zero-phase b.p. filters
retainstheinput phase while altering the amplitude spectrum.
Consequently, the minimum phase property of the input (to
the extent that it wastherein the data) is destroyed rendering
the data unsuitable for spiking deconvolution.

These differences between using minimum-phase filter and
zero-phasefilter prior to decon appear small when viewed on
the final stack data, but are of critical nature for pre-stack
analysis of the data. Imagine someone carrying out AVO
analysis for the strong event around 950 millisecs (for near
offsets) on the data sets using a zero-phase filter prior to
decon displayed in figure 9(b). Because of mixing of the
primary event with decon effect of the side lobes, the
amplitudesin the middle offsetswoul d be distorted compared
to thosefor asimilar analysiswith the datain figure 9(a).

We leave it to the reader to satisfy himself that the above
deliberations also hold when a predictive deconvolution,
which would try to retain a part of the source wavelet but
suppress short-period multiples, is applied.
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Fig. 9. The spectra of (a) the raw input (b) deconvolved data (with
zero phase b.p. filter) and (c) with minimum phase b. p. filter.

Suggested readings

1

"Fundamentals of Geophysical Data Processing with
Applications to Petroleum Prospecting”, Claerbout Jon
F, 1985, Blackwell Publications. Oneof the best text books
for a person who lacks sufficient mathematical
background of data processing, but wishesto acquireit.
Chapter 2 on one-sided functions and 3 on spectral
factorization (for construction of minimum phasewavel et)
supplement this article.

"Predictive Decomposition of the Time Series with
Application to Seismic Exploration”, E.A. Robinson,
Geophysics, Vol 32, No. 3, 1967, P418-484. A pioneering
paper in seismic deconvolution. A "must-read" for a
geophysicist who wishes to grasp the foundation of
seismic deconvolution and is not averse to its
mathematics.

"Predictive decomposition: Theory & Practice" K.L.
Peacock and Sven Trietal, Geophysics, VOI.34, No. 2.,
1969 p. 155-169. This paper extends the work of E. A.
Robinson to multiple suppression and illustrates it with
examples.

"Least-squares Inverse Filtering and Wavelet
Deconvolution” A.J. Berkhout, Gephysics, Vol 42, 7, 1977,
P. 1369-1383. The paper describeswavel et deconvol ution
(sameastwo sided inversefiltering when noiseiswhite)
and illustrates its advantages over the one-sided inverse
filtering (based on minimum-phase assumption) interms
of higher resolution of the deconvolved data.
"Minimum phase wavelet by ARMA factorization", C.H.
Mehta, B. S. Godl, D. D. Bhatt & S. Radhakrishnan), |IEEE
trans. on Acoustic, Speech and Signal Processing. Vol.32,
No.2 (USA), (Feb.1991). Construction of a minimum
phase wavelet by factorization of the auto-correlations
hasaseriousnumerical limitation for longwavelets. This
paper describes a practical and accurate method for
minimum phasewavel et construction by factoring ARMA
representation of the causal component of auto
correlationsz,.
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